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Abstract
Nonlinear waves are studied in a mixture of liquid and gas bubbles.
Influence of viscosity and heat transfer is taken into consideration
on propagation of the pressure waves. Nonlinear evolution equations
of the second and the third order for describing nonlinear waves in
gas-liquid mixtures are derived. Exact solutions of these nonlinear
evolution equations are found. Properties of nonlinear waves in a
liquid with gas bubbles are discussed.
1 Introduction
A mixture of liquid and gas bubbles of the same size may be considered as an
example of a classic nonlinear medium. In practice analysis of propagation of
the pressure waves in a liquid with gas bubbles is important problem. Similar
two - phase medium describes many processes in nature and engineering
applications. In particular, such mathematical models are useful for studying
dynamics of contrast agents in the blood flow at ultrasonic researches [1, 2].
The literature on this subject deals with theoretical and experimental studies
of the various aspects for propagation of the pressure waves in bubbly liquids.
The first analysis of a problem bubble dynamics was made by Rayleigh [3],
who had solved the problem of the collapse of an empty cavity in a large mass
of liquid. He also considered the problem of a gas - filled cavity under the
assumption that the gas undergoes isothermal compression [4]. Based on
the works of Rayleigh [3] and Foldy [5] van Wijngarden [6] showed that in
the case of one spatial dimension, the propagation of linear acoustic waves
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in isothermal bubbly liquids, wherein the bubbles are of uniform radius, is
described by the linear partial differential equation of the fourth order [7].
The dynamic propagation of acoustic waves in a half - space filled with
a viscous, bubbly liquid under van Wijngaarden linear theory was consid-
ered in the recent work [7]. However we know that there are solitary and
periodic waves in a mixture of a liquid and gas bubbles and these waves can
be described by nonlinear partial differential equations. As for examples of
nonlinear differential equations to describe the pressure waves in bubbly liq-
uids we can point out the Burgers equation [8–10], the Korteweg – de Vries
equation [11–14], the Burgers – Korteweg – de Vries equation [14] and so on.
Many authors applied the numerical methods to study properties of the
nonlinear pressure waves in a mixture of liquid and gas bubbles. Nigmatullin
and Khabeev [15] studied the heat transfer between a gas bubble and a
liquid by means of the numerical approach. Later Aidagulov and et al. [16]
investigated the structure of shock waves in a liquid with gas bubbles with
consideration for the heat transfer between gas and liquid. Oganyan in [17,18]
tried to take into account the heat transfer between a gas bubble and a liquid
to obtain the nonlinear evolution equations for the description of the pressure
waves in a gas-liquid mixture. However, we have some different characteristic
times of nonlinear waves in these processes and it turned out that the solution
of this task is difficult problem.
The purpose of this work is to obtain more common nonlinear partial
differential equations for describing the pressure waves in a mixture liquid
and gas bubbles taking into consideration the viscosity of liquid and the
heat transfer. We also look for exact solutions of these nonlinear differential
equations to study the properties of nonlinear waves in a liquid with gas
bubbles.
This Letter is organized as follows. System of equations for description
of nonlinear waves in a mixture of liquid and gas bubbles taking into con-
sideration for the heat transfer and the viscosity of liquid is given in section
2. In section 3 we obtain the basic nonlinear evolution equation to describe
the pressure waves in liquid with gas bubbles. In sections 4 and 5 we present
nonlinear evolution equations of the second and the third order and search
for exact solutions of these nonlinear differential equations.
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2 System of equations for description of mo-
tion of liquid with gas bubbles with consid-
eration for heat exchange and viscosity
Suppose that a mixture of a liquid and gas bubbles is homogeneous medium
[19]. In this case for description of this mixture we use the averaged temper-
ature, velocity, density and pressure. We also assume that the gas bubbles
has the same size and the amount of bubbles in the mass unit is constant
N . We take the processes of the heat transfer and viscosity on the bound-
ary of bubble and liquid into account. We do not consider the processes of
formation, destruction, and conglutination for the gas bubbles.
We have that the volume and the mass of gas in the unit of the mass
mixture can be written as
V =
4
3
piR3N, X = V ρg,
where R = R(x, t) is bubble radius, ρg = ρg(x, t) is the gas density. Here
and later we believe that the subscript g corresponds to the gas phase and
subscript l corresponds to the liquid phase.
We consider the long wavelength perturbations in a mixture of the liquid
and the gas bubbles assuming that characteristic length of waves of pertur-
bation more than distance between bubbles. We also assume, that distance
between bubbles much more than the averaged radius of a bubble.
We describe dynamics of a bubble using the Rayleigh – Lamb equation.
We also take the equation of energy for a bubble and the state equation for
the gas in a bubble into account. The system of equation for the description
of the gas bubble takes the form [19, 20]
ρl
(
RRtt +
3
2
R2t +
4ν
3R
Rt
)
= Pg − P, (1)
Pg, t +
3nPg
R
Rt +
3χg Nu (n− 1)
2R2
(Tg − Tl) = 0, (2)
Tg =
T0Pg
Pg, 0
(
R
R0
)3
, (3)
where P (x, t) is a pressure of a gas-liquid mixture, Pg is a gas pressure in
a bubble, Tg and Tl are temperatures of liquid and gas accordingly, χg is a
3
coefficient of the gas thermal conduction, Nu is the Nusselt number, n is a
polytropic exponent, ν is the viscosity of a liquid.
The expression for the density of a mixture can be presented in the form
[19]
1
ρ
=
1−X
ρl
+ V ⇒ ρ = ρl
1−X + V ρl . (4)
Considering the small deviation of the bubble radius in comparison with
the averaged radius of bubble, we have
R(x, t) = R0 + η(x, t), R0 = const, ||η|| << R0, R(x, 0) = R0. (5)
Assume that the liquid temperature is constant and equal to the initial
value
Tl = T |t=0= T0, T0 = const.
At the initial moment, we also have
t = 0 : P = Pg = P0, P0 = const, V = V0 =
4
3
piR30N.
Substituting Pg and Tg from Eqs.(1) and (3) into Eq.(2) and taking rela-
tion (5) into account we have the pressure dependence of a mixture on the
radius perturbation in the form
P − P0 + η
R0
P +
3nκ
R0
Pηt + κPt +
ρl(3R
2
0 + 4νκ)
3R0
ηtt +
ρl(6R
2
0 − 4νκ)
3R20
ηηtt+
+
ρl(8νκ(3n− 1) + 9R20)
6R20
η2t +
4νρl
3R0
ηt +
2P0
R0
η +
3P0
R20
η2 = 0,
κ =
2R20P0
3χNu(n− 1)T0 .
(6)
From Eq.(4) we also have the dependence ρ on η using formula (5)
ρ = ρ0 − µη + µ1η2, ρ0 = ρl
1−X + V0ρl ,
µ =
3ρ2l V0
R0(1−X + V0ρl)2 , µ1 =
6ρ2l V0(2ρlV0 − 1 +X)
R20(1−X + ρlV0)3
.
(7)
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We use the system of equations for description of the motion of a gas-
liquid mixture flow in the form
∂ρ
∂t
+
∂(ρ u)
∂x
= 0, ρ
(
∂u
∂t
+ u
∂u
∂x
)
+
∂P
∂x
= 0, (8)
where u = u(x, t) is a velocity of a flow of a gas-liquid mixture.
Eq.(8) together with Eqs.(6) and (7) can be applied for description of
nonlinear waves in a gas-liquid medium.
Consider the linear case of the system of equations (6), (7)and (8). As-
suming, that pressure in a mixture is proportional to perturbation radius,
we obtain the linear wave equation for the radius perturbations
ηtt = c
2
0 ηxx, c0 =
√
3P0
µR0
. (9)
Let us introduce the following dimensionless variables
t =
l
c0
t′, x = l x′, u = c0 u
′, η = R0η
′
, P = P0 P
′ + P0,
where l is the characteristic length of wave.
Using the dimensionless variables the system of equations (6), (7) and (8)
can be reduced to the following (the primes of the variables are omitted)
ηt − ρ0
µR0
ux + uηx + ηux − 2µ1R0
µ
ηηt = 0,
− ρ0
µR0
(ut + uux) + ηut − 1
3
Px = 0,
P + κ1Pt + ηP + 3nκ1 ηtP = −(β1 + β2) ηtt − (2β2 − β1) ηηtt−
−
(
3n− 1
2
β1 +
3
2
β2
)
η2t − ληt − 3η + 3η2,
(10)
where the parameters are determined by formulae
λ =
4νρlc0
3P0 l
+ 3nκ1, β1 =
4ν κ ρl c
2
0
3P0 l2
, β2 =
ρl c
2
0R
2
0
P0 l2
,
γ =
κρlR
2
0c
3
0
P0l3
, κ1 =
κc0
l
.
(11)
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3 Basic nonlinear evolution equation for de-
scription of nonlinear waves in liquid with
bubbles
We can not find the exact solutions of the system of nonlinear differential
equations (10). To account for the slow variation of the waveform, we intro-
duce a scale transformation of independent variables [21]
ξ = εm(x− t), τ = εm+1 t, m > 0, ε≪ 1, (12)
∂
∂x
= εm
∂
∂ξ
,
∂
∂t
= εm+1
∂
∂τ
− εm ∂
∂ξ
.
Substituting (12) into (10) and dividing on εm in first two equations we
have the following system of equations
εητ − ηξ − ρ0
µR0
uξ + ηuξ + uηξ − ε2µ1R0
µ
ηητ +
2µ1R0
µ
ηηξ = 0, (13)
ε
(
− ρ0
µR0
)
uτ +
ρ0
µR0
uξ + εηuτ − ηuξ − ρ0
µR0
uuξ − 1
3
Pξ = 0, (14)
P + εm+1κ1Pτ − εmκ1Pξ + ηP + εm+13nκ1ητP − εm3nκ1ηξP =
= −ε2m+2 (β1 + β2) ηττ + ε2m+12 (β1 + β2) ητξ − ε2m (β1 + β2) ηξξ−
−ε2m+2 (2β2 − β1) ηηττ + ε2m+12 (2β2 − β1) ηητξ−
− ε2m (2β2 − β1) ηηξξ − ε2m+2
(
3n− 1
2
β1 +
3
2
β2
)
η2τ+
+ε2m+12
(
3n− 1
2
β1 +
3
2
β2
)
ητηξ − ε2m
(
3n− 1
2
β1 +
3
2
β2
)
η2ξ−
− εm+1λ ητ + εmλ ηξ − 3 η + 3η2.
(15)
We now assume that the state variables u, η and P can be represented
asymptotically as series in powers of ε about an equilibrium state
u = εu1 + ε
2u2 + . . . , η = εη1 + ε
2η2 + . . . , P = εP1 + ε
2P2 + . . . (16)
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Substituting (16) into (13)-(15) and equating expressions at ε and ε2 to
zero, we obtain some equations with respect to u1, u2, η1, η2, P1 and P2.
Solving these equations with respect to P1 we have the equation for pressure
P1 in the form
P1τ + αP1P1ξ + ε
2m−1 β1 + β2
6
P1ξξξ − ε2m 2β2 − β1
18
P1P1ξξξ−
−ε2m
(
3n− 2
18
β1 +
5
18
β2
)
P1ξP1ξξ = ε
m−1
(
λ
6
− κ1
2
)
P1ξξ+
+εm
nκ1
2
(P1P1ξ)ξ ,
(17)
where
α =
3µR0
ρ0
− 3µ1R0
µ
+
2
3
. (18)
From Eq. (17) one can find some nonlinear evolution equations for de-
scription of waves in a mixture liquid and gas bubbles with consideration for
the heat transfer and the viscosity.
4 Nonlinear evolution equation of second or-
der for description of waves in liquid with
bubbles
Assuming m = 1, (β1 + β2)/6 = β ε
δ, δ > 0, β ∼ 1 in Eq.(17), we have
nonlinear evolution equation of the second order in the form
P1τ + αP1P1ξ =
(
λ
6
− κ1
2
)
P1ξξ + ε
nκ1
2
(P1P1ξ)ξ . (19)
Using transformations P1 = 1/ε P
′
1 and α = ε α
′
one can write Eq.(19) in
the form
P
′
1τ + α
′
P
′
1P
′
1ξ = ΛP
′
1ξξ + Λ1
(
P
′
1P
′
1ξ
)
ξ
, (20)
Λ =
λ
6
− κ1
2
=
c0
3 l
(
2νρl
3P0
− P0R
2
0
χNuT0
)
,
Λ1 =
nκ1
2
=
n c0 P0R
2
0
3χNu (n− 1) T0 l .
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We can see that dissipation of the nonlinear waves is described by the
equation (20) and depends on values of coefficients Λ and Λ1.
The first term in expression for Λ corresponds to a dissipation of a wave
because of the viscosity on boundary a bubble-liquid. The second term in
Λ corresponds to the heat transfer between a liquid and bubbles. We have
to note that there is the decrease of the coefficient Λ in the case of the heat
transfer. The coefficient Λ1 characterizes the nonlinear dissipation of a wave
which is explained by the heat transfer between liquid and gas bubbles.
In the case of the isothermal process (Nu→∞, κ1 → 0) Eq.(20) goes to
the Burgers equation. We have the dissipation of the wave that is determined
by the value of the viscosity of a liquid. Currently the Burgers equation is
well known. The wave processes described by this equation are well known.
Taking the Cole – Hopf transformation into account this equation can be
reduced to the heat equation [11, 12]. Analytical solutions of many problems
described by this equation were constructed.
The nonlinear term in a right hand side (20) leads to the additional damp-
ing of the pressure wave in comparison with the Burgers equation. These
nonlinear dissipative effects are connected with the heat transfer in a mix-
ture liquid and gas bubbles.
One can construct some exact solutions of the equation (20). Using the
scale transformations in Eq. (20)
ξ =
nκ1
2α′
ξ
′
, τ =
6
(λ− 3κ1)
(nκ1
2α′
)2
τ
′
, P
′
1 =
( λ− 3κ1)
3nκ1
v, (21)
we obtain the following equation (the primes are omitted)
vτ + v vξ = vξξ + (v vξ)ξ . (22)
Some exact solutions of Eq.(22) can be found. Taking transformation
(21) into account we obtain the solution of Eq. (20) by the formula
P
′(1,2)
1 (ξ, τ) =
( λ− 3κ1)
3nκ1



 3
4 (C0 + 1)
± 3√
16 (C0 + 1)2 + 9C2 e
− θ
2


−1
− 1

 ,
θ =
2α′
nκ1
ξ − C0 (λ− 3κ1)
6
(
2α′
nκ1
)2
τ.
(23)
From expression (23) one can see, that the amplitude of a wave depends
on its velocity. Besides the amplitude of this pressure wave is defined by a
relation between viscosity of a liquid and a gas thermal conduction.
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Dependencies of solution P
′(1)
1 from ξ at different values parameter κ1
at C0 = 2, C2 = 1, τ = 0 are illustrated on Fig.1. We use values κ1 are
following: 0.200; 0.205; 0.210. From Fig.1 we can see that the amplitude of
a wave decreases with growth κ1. Similar profiles of the pressure waves were
observed experimentally. They are called by shock waves with monotone
structure or waves [24].
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Figure 1: Kink wave solution (23) of Eq. (20) at κ = 0, 20; 0, 22; 0, 24
(curves 1, 2, 3)
Experimental study of the damping of the pressure waves in a liquid
with a mixture of bubbles of two different gases were presented in [25]. In
particular it was found the damping of amplitude for the pressure wave for
a liquid with freon bubbles. The volume gas content of freon bubbles was
α = 1.2% and the diameter of bubbles was d = 2, 3 mm.
We have considered the propagation of the damping of the pressure im-
pulse which is described by Eq.(20). For numerical modeling of the solitary
waves we use the difference equation which corresponds to Eq.(20). We have
observed the good agreement of results of numerical modeling with experi-
mental data. This comparison is given on Fig. 2.
Let us discuss the features of the wave dynamics described by the equation
(20). For numerical modeling of the solitary waves we use the difference
equation which corresponds to Eq.(20).
Comparison of the solitary pressure pulses described by the Eq.(20) with
the solitary pressure pulses of the the Burgers equation ((Λ1 = 0 in (20))is
given on the Fig. 3. We can see from Fig. 3 that pressure front described by
Eq.(20) is more smooth than pressure front described by Burgers equation.
9
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Figure 2: Comparison of amplitude attenuation of a pressure wave described
by the equation (20) with experimental data
So the heat transfer between the gas in bubbles and the liquid leads to
additional dissipation of the solitary wave.
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Figure 3: Evolution of the pressure solitary wave described by Burgers equa-
tion (left figure) and Eq. (20) (right figure).
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5 Nonlinear evolution equation of the third
order for description of waves in a liquid
with gas bubbles
Assuming that m = 1
2
, λ = 6 ε1/2 λ
′
, λ
′ ∼ 1, κ1 = 2 ε1/2 κ′1, κ′1 ∼ 1 in
Eq.(17) and using transformations P1 =
1
ε
P
′
1, α = ε α
′
we have the nonlinear
evolution equation of the third order
P
′
1τ + α
′
P
′
1P
′
1ξ +
β1 + β2
6
P
′
1ξξξ −
2β2 − β1
18
P
′
1P
′
1ξξξ−
−
(
3n− 2
18
β1 +
5
18
β2
)
P
′
1ξP
′
1ξξ =
(
λ
′ − κ′1
)
P
′
1ξξ + nκ
′
1
(
P
′
1P
′
1ξ
)
ξ
.
(24)
The coefficient of dispersion can be determined taking the relations (11)
into account
B =
β1 + β2
6
=
R20 c
2
0 ρl
6 l2 P0
(
1 +
8ν P0
9χg Nu (n− 1)T0
)
. (25)
We can see that the value of dispersion depends on the initial radius of
a bubble and a relation between a viscosity and the coefficient of the heat
transfer on interphase boundary. In the case of the isothermal condition for
gas in bubbles (Nu→∞) or in the case of small viscosity of a liquid (ν → 0)
the wave dispersion is defined by value of radius of bubbles.
Taking Nu → ∞ and ν → 0 into account in Eq.(24) we have Korteweg
– de Vries equation that was obtained for description of nonlinear waves in
a liquid with gas bubbles [14]. Using Nu → ∞ we have from Eq.(24) the
Burgers – Korteweg – de Vries equation, obtained in [8]. This equation is
not integrable but some special solutions of Burgers – Korteweg – de Vries
equation were obtained in [29, 30]. It is likely that the nonlinear evolution
equation (24) is new for the description of nonlinear waves in a liquid with
gas bubbles.
Consider Eq.(24) without a dissipation. In this case we have
P
′
1τ + αP
′
1P
′
1ξ +
β1 + β2
6
P
′
1ξξξ −
2β2 − β1
18
P
′
1P
′
1ξξξ−
−
(
3n− 2
18
β1 +
5
18
β2
)
P
′
1ξP
′
1ξξ = 0.
(26)
Using the scale transformations
τ =
6
β1 + β2
τ
′
, P
′
1 =
3(β1 + β2)
2β2 − β1 v, (27)
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we obtain equation (the primes are omitted)
vτ + α1v vξ + vξξξ = (v vξξ)ξ + β vξvξξ, (28)
α1 =
9α′
2β2 − β1 =
81α′P0l
2χNu(n− 1) T0
2ρl c20R
2
0(9χNu(n− 1)T0 − 4νP0)
,
β =
(3n− 1)β1 + 3β2
2β2 − β1 =
27χNu(n− 1)T0 + 8Nu(3n− 1)P0
9χNu(n− 1)T0 − 4 ν P0 .
The traveling wave reduction of Eq.(28) coincides with the Camassa -
Holm equation [31, 32] that has one of interesting class of solutions in the
form of peaked solitons . The most simple form of these solutions is described
by the formula
v(ξ, τ) = A exp(−|k ξ − k3 τ +B|), (29)
where k is wave number, A and B are arbitrary constants. Taking
β =
α1
k2
− 2, (30)
and vξ′ξ′ξ′ = −vξ′ξ′τ ′ into consideration Eq.(28) can be written as
mτ ′ + v mξ′ +
(α1
k2
− 1
)
vξ′ m = 0, (31)
v(ξ′) =
1
2
∫ +∞
−∞
e−|ξ
′−y|m(y) dy, m = v − vξ′ξ′, τ ′ = k3 τ, ξ′ = kξ. (32)
Using relations (27), (30), we have the solution of Eq.(26) in the form of
the peaked solutions
P ′1(ξ, τ) =
3(β1 + β2)A
2β2 − β1 exp(−|k ξ −
(β1 + β2) k
3
6
τ +B|). (33)
The graph of a solution (33) at A = 1/6, B = 5, β2 = β1 = 1, τ = 0 is
demonstrated on Fig.4.
Using the traveling wave ansatz v(ξ, τ) = y(z), z = ξ − C0τ in Eq.(28)
and integrating on z, we obtain the equation
C1 − C0 y + α1
2
y2 + yzz − y yzz − β
2
y2z = 0. (34)
12
0 2 6 10 14
0
0.2
0.4
0.6
0.8
1
P1
'
ξ
Figure 4: Peaked solution (33) of Eq. (26)
The general solution of Eq.(34) at C0 = α1, C1 = α1/2 is expressed by
formulae
y(z) = 1−
(
C3 e
∫
f(z) dz
)−1
, C3 6= 0, fz = β + 2
2
f 2 − α1
2
, (35)
where C3 6= 0 is constant of integration. Accordingly to (35) there are two
families of solutions of Eq.(34)
y(z) = 1− 1
C3
[
tg2
{√|α1(β + 2)|
2
(z + C2)
}
+ 1
]−1/(β+2)
, α1(β+2) < 0,
(36)
y(z) = 1− 1
C3
[
tanh2
{√
α1(β + 2)
2
(z + C2)
}
− 1
]−1/(β+2)
, α1(β+2) > 0,
(37)
where C2 is arbitrary constant.
Family of solutions α1(β + 2) < 0 describes the periodic waves. In the
case β < −2 solution (36) has the singular points that are determined by
formula
zk = −C2 + 2√|α1(β + 2)|
(pi
2
+ pik
)
, k ∈ Z.
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Family solutions at α1(β + 2) > 0 and β < −2 are solitary waves. In the
case β > −2 solution goes to indefinite when z → ±∞. Dependence of this
solutions from z at parameter β = −1 at C2 = 0, C3 = 1 is presented on Fig.
5.
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Figure 5: Periodical solution (36) of Eq. (34) at β = −1
One can find some exact solutions of the equation (24) with the dissipa-
tion. Using the scale transformations
ξ =
2β2 − β1
18nκ
′
2
ξ
′
, τ =
6
β1 + β2
(
2β2 − β1
18nκ
′
1
)3
τ
′
, P
′
1 =
3(β1 + β2)
2β2 − β1 v, (38)
we obtain from equation (24) the following equation (the primes are omitted)
vτ + α1 v vξ + vξξξ = (v vξξ)ξ + β vξ vξξ + σ vξξ + (v vξ)ξ , (39)
where
α1 =
(2β2 − β1)α′
18n2κ
′2
1
, β =
(3n− 1)β1 + 3β2
2β2 − β1 , σ =
(λ
′ − κ′1)(2β2 − β1)
3nκ
′
2(β1 + β2)
.
Eq.(39) does not pass the Painleve´ test and is not integrable by the inverse
scattering transform but there are some exact solutions of this equation.
These solutions can be found using the simplest equation method [33–36] for
the travelling wave v(ξ, τ) = y(z), z = ξ − C0τ . We look for solution in the
form
y(z) = a0 + a1w(z) + a2 w(z)
2, (40)
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where w(z) is solution of linear ordinary differential equation of the second
order [37, 38]
wzz = Awz +B w + C. (41)
One of these solution at α1 < −1 takes the form
y(z) = a0 +
α1(a0 − 1)F
2C
(
1 +
α1
8C
F
)
,
F =
(
C3 sin
{√−1 − α1z
2
}
+ C2 cos
{√−1 − α1z
2
})
e−
z
2 − 4C
α1
.
(42)
where a0, C, C2 and C3 are arbitrary constants.
Exact solution (42) of Eq.(39) represents oscillating fast damping waves
which can be observed at propagation of nonlinear waves in a mixture liquid
and gas bubbles. Analyzing the wave dynamics described by the nonlinear
ordinary differential equation of the third order (39) we can see that this
equation describes the different forms of the solitary and periodical waves.
6 Conclusion
We have considered nonlinear waves in a mixture of a liquid and gas bubbles
taking into consideration the viscosity of liquid and the heat transfer between
liquid and gas bubbles. We have applied different scales of time and coor-
dinate. As a result we have obtained the nonlinear evolution equations (20)
and (24) of the second and the third order for describing the pressure waves
in a liquid with bubbles. It is likely that these differential equations are new
and generalize the Burgers equation, the Korteweg – de Vries equation and
the Burgers – Korteweg – de Vries equation. These evolution equations allow
us to take into account the influence of the viscosity and the heat transfer
on the boundary of liquid and bubbles. Generally these equations are not
integrable but all these equations have some exact solutions that have been
found in this Letter.
We had observed that nonlinear evolution equation (26) can be used
for describing waves at characteristic time t ∼ ε−3/2. Without dissipative
processes Eq.(26) has a solution in the form of peaked solitons (so-called
peakons). Taking into account dissipative processes we have solution of
Eq.(24) for description of nonlinear waves. Exact solutions have been found
and we obtain the damping of the periodic pressure waves. To describe the
pressure waves in the case of t ∼ ε−2 the nonlinear evolution equation of the
second order can be used. Using the travelling wave ansatz the analytical
15
solutions of this equation have been obtained. These solutions correspond to
shock waves with monotone structure.
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